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Abstract 
In the last thirty years many authors were engaged in considering the Hamiltonian behaviour 
of powers of undirected graphs. Started by Sekanina (1960), the investigations in this field have 
resulted in a lot of interesting and partly very profound propositions; for instance, the famous 
theorem of Fleischner (1974) on squares of blocks. The surprising thing is that in the case of 
directed graphs, however, no result of this kind has been published. In this note it is attempted 
to illustrate the reasons responsible for that different situation and to make a small first step in 
considering Hamiltonian properties of powers of digraphs. 
1. Notations 
Let G = (V,E) be a simple digraph (i.e. without loops and parallel directed edges) 
with vertex set V and edge set E, where a (directed) edge e E E is written as an ordered 
pair e = (x, y) with uniquely determined x,y E V, x # y. A (directed) path p from 
x E V to y E V is denoted by the associated sequence of its vertices 
p = (x = x(),x1, . ..) X, = y), r 3 0, where (Xi- 1, Xi) E E, i = 1, . . . . I, and the Xi’s are 
pairwise distinct, and l(p) := r is its length. The distance from x to y in G, denoted by 
C&(X, y), is the length of a shortest path in G from x to y if there is any, and it is defined 
to be co otherwise. 
In the same way as for undirected graphs we define the kth power Gk of a digraph 
G = (V,E) by Gk = (Vk,&) with Vk:= Vand 
&:= {(x,y): x,y~ vr\l < &(x,y)< k}, k= 1,2 ,.... 
2. Finite digraphs 
In the following, let us restrict ourselves to finite digraphs. For a connected 
undirected finite graph G, on n 2 2 vertices, there is a k, 1 d k < n - 1, such that Gk is 
the complete graph K,; therefore, if G is not complete then raising G to the kth power 
0166-218X/94/%07.00 0 1994-Elsevier Science B.V. All rights reserved 
SSDI 0166-218X(92)E0210-Q 
182 G. Schaar / Discrete Applied Mathematics 51 (1994) 181-186 
/Y/f-G . . . -Y-L 
Fig. 1. 
with k = 2,3, . . . will “improve” its connectedness properties and its Hamiltonian 
properties. This is not true, however, for connected digraphs, because there are 
connected digraphs G with Gk = G for every k = 1,2, . . . , for instance the digraph in 
Fig. 1. 
More generally it holds: if d,(x, y) = cc for vertices x,y in the digraph G then 
d,*(x,y) = co for every k = 1,2 ,... . Thus, for a (connected) digraph G containing 
vertices x, y with &(x, y) = co it is impossible that some power of G would become 
a Hamiltonian digraph. Hence, if we want to improve the Hamiltonian behaviour of 
a digraph G by raising G to a higher power we have to suppose G to be strongly 
connected. 
Analogously to the well-known connectivity we can define the strong connectivity 
c,(G), of a strongly connected digraph G = (V, E), to be the number c with the 
property that for every proper subset U c V with less than c vertices the digraph 
G - U is strongly connected, but there is a proper subset U c V with c vertices such 
that G - U is not strongly connected or trivial; if G is not strongly connected put 
c,(G):= 0. Then by means of Menger’s theorem it can be proved: 
cs(Gk) B min(kcs(G), ) V( - 1) (k = 1,2, . ..). 
(Let U c V with 1 Ul < min(kcs(G), ) V) - 1) and x, y E V - U, x # y. In G there are 
c,(G) paths from x to y with pairwise disjoint sets of inner vertices; at least one of these 
paths-say p-contains less than k vertices of U because otherwise we would get the 
contradiction 1 UI > k+,(G). Deleting the vertices of U in p, we obtain sequence 
p - u = (x = zg,z r, . _. , z, = y), which is a path from x to y in Gk, because p has less 
than k vertices between Zi_ 1 and zi and therefore, dc(zi _ r, Zi) d k, i = 1, . . . , r. Thus, 
Gk - U is strongly connected.) It may be expected that the strong connectivity of 
G will be of some influence on the Hamiltonian behaviour of the powers Gk of G; 
however, as yet we do not know of any result. 
For undirected finite graphs we have Sekanina’s theorem that G3 is Hamiltonian 
connected for every connected G. Unfortunately, this is not valid for strongly connec- 
ted digraphs. On the contrary, even the following holds: 
For every k > 1 there is a strongly connected digraph G such that Gk is not 
traceable (i.e. Gk does not contain a Hamiltonian path). 
For the proof take the digraph G in Fig. 2 with t 2 k + 2, r 2 k. If we assume Gk to 
contain a Hamiltonian path p, we can number the yis in such a way that they are 
passed by p, in the order yl,yz, . . . . y,. Then p must contain an Xj between yi and 
G. Schaar / Discrete Applied Mathematics 51 (1994) 181-186 183 
Fig. 2. 
yi+i with dc(xj,xo) < k - 1 for i = 1, . . . . t - 1; however, this is impossible because 
there are at most k < t - 2 distinct xi’s with dc(xj,x,) < k - 1. 0 
On the other hand, for every strongly connected digraph G there is a k such that Gk 
is a complete digraph. Thus it is sensible to define the Hamiltonicity exponent of G by 
en(G) := min {k: Gk is Hamiltonian}, 
and analogously the traceability exponent e,(G) and the Hamiltonian connectedness 
exponent e,,-(G). Now, the first task is to find nontrivial upper bounds for these 
exponents for suitable classes of strongly connected digraphs. In the next section this 
problem will be dealt with for the class of the directed cacti. 
3. Directed cacti 
A strongly connected (finite) digraph G, each edge of which is contained in at most 
(and thus, in exactly) one directed cycle in G, is called a directed cactus. Obviously, 
a digraph G is a directed cactus, iff for any distinct vertices x, y there is exactly one 
(directed) path p = (x, . . . , y) in G. In a directed cactus two distinct (directed) cycles can 
have at most one vertex in common. 
Theorem 3.1. Let G = (V, E) be a directed cactus. Then for every e = (x, y) E E, there is 
a Hamiltonian path 
h = (y,y’, . . . . x’,x) 
in G3 with dc(y, y’), d,(x’,x) E {1,2}. 
Proof. We use induction on the number r of cycles in G. For r = 0 (i.e. G is trivial) and 
r = 1 (i.e. G is a cycle) the assertion is obvious. Let r 2 2 and the assertion be valid for 
all cacti with less than r cycles. Now, let G be a cactus with r cycles and e = (x, y) an 
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arbitrary edge. Then e belongs to exactly one cycle c in G, and deleting all edges of c in 
G we obtain a digraph consisting of 1 := l(c) (strong) components Gi, . .., GL, because 
each vertex of c is contained in one and only one of these components; for the 
numbering see Fig. 3. Each Gi is a (possibly trivial) cactus with less than r cycles. In every 
nontrivial Gi there are edges ei = (Zi, yi) and eT = (yi, z:), where yi denotes the common 
vertex of Gi and c. Applying induction on Gi and ei (if Gi is nontrivial), i = 1, . . . , I - 1, 
and on Gr and e,* (if GI is nontrivial) we obtain Hamiltonian paths hi = (yi, . . . , Zi) in G?, 
i=l , . . . . I - 1, and hl = (zT, . . . . y, = x) in Gf fulfill ing the additional conditions men- 
tioned in Theorem 3.1; if Gi is trivial we take the trivial path hi = yi. The distance in 
G from the terminal point of hi to the initial point of hi + I is at most 2 for i = 1, . . . , 1 - 2 
and at most 3 for i = 1 - 1. Therefore, we can combine h, , h,, . . . , II, to a Hamiltonian 
path h = (y, . . . . x) in G3 satisfying the required conditions. 0 
As an immediate consequence of Theorem 3.1 we obtain 
Corollary 3.2. For every directed cactus G on at least two vertices, e,(G) < 3. 
The upper bound 3 in Corollary 3.2 is the best possible, because the cactus G in 
Fig. 4 has a nonHamiltonian square and therefore, e,(G) = 3. 
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Now the problem arises to characterize all directed cacti G satisfying en(G) < 2. 
A directed cactus is said to be unicyclic iff there is at most one cycle of length > 3 in 
G. A directed cactus without cycles of length > 3 is a bidirected digraph G whose 
associated undirected graph G, (arising from G by replacing every cycle of length 2 by 
an undirected edge) is a tree. Using a result of Harary and Schwenk [2] we get: 
A unicyclic directed cactus G without cycles of length > 3 has a Hamiltonian square G2 
ifSG,, is a caterpillar. 
A next problem could be to characterize the unicyclic directed cacti containing 
exactly one cycle of length 3 3 and having a Hamiltonian square. 
Corollary 3.3. For every directed cactus G, e,,(G) d 3. 
Proof. We prove this assertion by induction on the number r of cycles in G and begin 
in the same way as in the proof of Theorem 3.1. For the main step let G be a cactus 
with r 3 2 cycles and X, y any pair of different vertices in G; let p = (x,x’, . . . . y) be 
a path in G from x to y, e = (x, x’) the first edge on p, and c the cycle in G containing e. 
Deleting the edges of c in G the digraph arising from G splits into 1: = l(c) components 
G l,..., GI. To every nontrivial Gi and an edge in Gi ending in or starting from the 
common vertex of Gi and c we apply Theorem 3.1 or the induction’s assumption and 
get some Hamiltonian path hi in G:. Now we have to distinguish the following cases 
and subcases: 
(a) Y 4 W; 
(‘4 Y E C9; W) (Y, xl E E; 
WY (Y, x)4& W1) d&y) even; 
(b22) dG(x, y) odd. 
Fig. 5 
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In each case we can form a Hamiltonian path h = (x, . . . , y) in G3 by means of the 
his. The induction’s assumption is only needed in case (a). For the subcase (b22), in 
Fig. 5 it is illustrated by the numbering in which order the hi’s (or parts of them) are 
composed and the vertices are passed if the Gis are nontrivial. 0 
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